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u dy = 0, (x, y) ∈ R × [−1, 1], t > 0,
u(x, y, 0) = u0(x, y), (x, y) ∈ R × [−1, 1],
∂u
∂t
(x, y, 0) = u1(x, y), (x, y) ∈ R × [−1, 1].
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u ∈ C1(R+;L2(R × [−1, 1]) ∩ C0(R+;L2([−1, 1] : H1(R)). ¹i»
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= 0, (x,y) ∈ Ωε, t > 0,
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y = ± ε =
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uε(x,y, t) = uε(x,
y
ε
, t) (x,y) ∈ Ωε, t > 0,
vε(x,y, t) = vε(x,
y
ε




























































0 + ε u1 + ε2 u2 + · · · ,
uε = v













v0(x,± 1, t) = 0 o-}®mo=

























(x, y, t) = c(x, t).
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u(x, y, t) = u(y) exp i(ωt− kx), k ∈ R, ω ∈ C, ¹76]»
bo[
u(y) 6= 0 ´
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−(λ−M)2u+ Eu = 0,
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Mu+ v = λ u







































































t → Û(k, ·, t) o[{6}À{~­|}~ mmm­l-n%o/¾½ -Q­|}~P=
dÛ
dt
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σ(A0) = ImM ,
¹Ld»
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λ ∈ ImM ⇐⇒ ∀ δ > 0, mes
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 wz M ∈ C0([−1, 1]) ¯|­o{~Yo[}~o/|o A0 o]{*}#E{~­mn%o-}#QQ}®zP=
σ(A0) = [M−,M+], M− = inf
y ∈ [−1,1]








 wz M o[{6}8-{*}}~o#n%o[E|Ã¾¯­or{~Io]}~or|o A0 o]{*}m~o]nOo]}8I}~mo]­i´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β0 = −1 < β1 < ... < βN − 1 < βN = 1
}~o]­{,mo
y ∈ ]βj−1, βj [ =⇒ M(y) = Mj ,
E­{





Ej = { (u, 0)t, u
·%{*mYQ*}tm{

















g : [−1, 1] −→ [−1, 1], m 6o]}~o








1([−1, 1]) −→ L1([−1, 1]),
u −→ Sgu = u ◦ g.
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Ag = S
−1
g ◦A ◦ Sg.
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S(u, v) = (u,−v). ¹ 1 Q»
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Ã = −S (A+ λ)S, Aα −A = α I.
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(λ−M)2 u = Eu





λ /∈ ImM ¯z­²9n%dyQo-mmo Eu o]{*}]¢QE­o-n%o]Q}mzm­­®o]E
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λ ∈ σp(A) =⇒ λ ∈ σp(A)
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|F (λ)| ∼ 1|λ|2






F (λ) = −2 moYo]|}OY{Ob9|o2{~­|}~ ·N­i½ oÃz}-®o]mO½ m o]*}E|²{~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M− = inf M(y), M+ = supM(y).
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λ ∈ Im M  Nλ = {y ∈ [−1, 1] / M(y) = λ} 
) ./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mes(Nλ) > 0 =⇒ λ ∈ σp(A),
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% ' σc(A) ⊂ ImM.
ÍÎ­¾{* %},|otn%QQ}~o]8mo{*
λ /∈ Im M o-}
½ o[{6}{8mmodE­o-mmmot|o A ¯|E­{ A−λIo]{*}#Qo-{*m­o´
wzQ¶}










(M − λ)u+ v = f
Eu+ (M − λ) v = go/m
n%l-mo/·O­i½ ]E}~2o-
u
Eu− (M − λ)2u = h, h = g − (M − λ)f.
Á8n%n%o
λ /∈ Im M ¯|­o]{*},­®²®}~omo|®z²{*o],E (M − λ)2 ¯mom
mmmo=
Eu
(M − λ)2 − u =
h




















































(M − λ)2 −
h





















E[g/(M − λ)2] −E[f/(M − λ)]
(M − λ)2 −
g − (M − λ)f
(M − λ)2 ,
v =
g








E[g/(M − λ)2] −E[f/(M − λ)]
(M − λ) .
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λ ∈ σ(A). ¹ºQQ»
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), uε(y) = αε (ρ
ε
λ)



















|ρ′(z)|2 dz, ε→ 0,
Q¶}#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‖ϕε‖ ≤ C |αε| ε−
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σc(A) = Im M.
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M ′(x) 6= 0  M(x) +  #%! A%R# $  	(. 	'. ! #. 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Afx = ex +M(x) fx,
 L, 	+. !$	 
A
$&$&!*	 %  #	
(ex, fx)








fx = (u, v)
t
A. ,+	 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Mu+ v = δ′x +M(x) u





[M −M(x)] v = −M ′(x) δ
*(+. % +
v(x) = −δ′(x) 4 C$ #%$ 	% 	%(./	0R,	%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 
[M −M(x)] u = 2 δ′x




[M −M(x)] δ′x = M(x) δx
[M −M(x)] δ′′x = 2 M ′(x) δ′x +M ′′(x) δx
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µ + iσ, µ ∈ R, σ > 0 ´wzQ¶} Φ 6= 0 ¯ÈmÂQo]}o-mmmo9Q{~{~|¯ÈQo9mQ{r{~mmIQ{~o-Y{t|omn%o 6m{
L2(−1, 1)2 ¯{~¾ÀQ{*²|l]~ommo|Qmm]om®}~²E­o=
U0(x, y) = β(x) Φ(y),
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  %! S = {0},
  %! S
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¹±o-Ã|{*}~o]o2|ob­®o]m{~Qm~o[{mQ -o]­®­o]{»9 n%{%m{-o-~}®{%]{¹ã}~k-l-n%o |´ 1 »´ Ì  mo-­²·
|oO­®o]m®}-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M(y) = M+ y,
¹ºz»
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M(y)
+B,B#	%$    
A
	%0 J	+ +0  Q	./$0#$&#$&+
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   M+ ≥ 1 L
	%$& Q	./+$*#"$&#"$& %  $,.!./+ 
   M+ < 1
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= (λ2 −M2+)2,E½ o]{*}t·%|~o
(λ2 +M2+) = (λ
2 −M2+)2,ÍÎ­o[{6}#­²E[¯|¢Emkm²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∀ 0 ≤ i ≤ N − 1, Mi+1 > Mi (=⇒MN = M+).
"|¿YQ2Yo]|},}~Qd6m{,{~mmIQ{~o-[¯mQ¶}~}~o·%kE¢o-@­o/|]-m¢oQ¯mQo=
∀ 0 ≤ i ≤ N − 1, αi+1 6= αi
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αixi + βi − λ
− 1
























































{b,­o]{ ± Mi, i = 1, · · · , N ¹±­o9­o]}o-mr]~®¿o-E²{~-n%o-}r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Mi, 1 ≤ i ≤ N − 1
F (λ) ∼
( xi+1 − xi
Mi+1 −Mi



























1 ≤ i ≤




F (λ) = +∞, lim
λ→M−
i+1




[xi, xi+1], i = 1, · · · , N − 1
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F (λ) = −∞, lim
λ→M−
i+1






F (λ) = −∞, lim
λ→M−
N
F (λ) = −∞. ¹ 1 »
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[Mi,Mi+1], i = 1, · · · , N − 2
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F (λ) = 2
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}~o]o-{ ±M1 ´ ¬ om­{]¯|o-­­®oo]{*}#²{~{E}~orYQm x > 0 ¯zm]²{{~Q}otIm x < 0 o-}@md}~}~o]®}t{~nOmn9mn1o-
x = 0





 F (0) ≥ 2 ´ ¬ E{o]{]¯b­i½ ]E}~ F (λ) = 2 t|o-|Ãmo[{¾mIQ{~-o[{m{­L½ }~o]~dE­­o [−x1, x1]o}#o/mo{~}@{t|o]{@dE­o-{@m~o[{mo
A
´





























[−12, 12] ´`E®­­o-m{ F (λ)−2{-½ Emzm­o|o-|Ã°±²{,mEY{
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[ M(y)2 + ν2 ]
2 dy.
¹d»
p#Q{,{bY{m6*·m¯m½ m~l[{@­®o}km-Q~l]n%o m´ ¯Y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 wz®} F (iν) = 2 ½ E-mmomo/m{ ]0,+∞[ ´






F (iν) ∼ − 2
ν2
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moR=
M(y) = M+ y












µ o]{*}t|Q{~{~m|o/­L½ oÃ|{*}~o]o/¾½ mmo/d­®o]m,mmo®nE¢Q®YE~ommo/|l]{,mo=
(1 − 2α)M2+ < 1.
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z (z2 − ν2)





z r(z) (z2 − ν2)



















































































=⇒ Φ1(ν) ∼ log(
1
ν
) (ν → 0).
¬ o-|Ã2-{,mor¿Y¢mo/{*QQ}#|Q·Q{*²|]~o]
∣∣∣∣∣∣∣∣




F (iν) = +∞.
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   M ′′(0+) = 0 (⇐⇒M ∈ C2([−1, 1]) ) +L
∫ 1
0
|M ′(y) −M ′(0)|
M(y)2
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M(y) = a th(α y), a > 0, α > 0 .
µ 2-E­²­®o/E²{~-n%o-}#mo


























α thα = 1.
 wz α ≤ α∗ ¯ f(α) ≡ 1 − 1/α thα ≤ 0 o}­L½ m-¢E­¶}¹L¡QE»r½ o]{*}/{{d}{*°ºE®}~oQ¯Èmo]­moO{~®} a ´5½ I-d}~o]m
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½ OmQ{,|o/dE­o-m{@mmo]{o-2|o]km{,|o/­L½ EÃzo-o]­i´
 wz α ≤ α∗ ¯ f(α) ≡ 1 − 1/α thα > 0 o},E#{~m®}~o
− wz a < f(α) 12 ¯m­L½ I-d}~o]m A %|o-|ÃdE­o-m{@mmo]{n%¢Eo]{8mmo]{@o}t-d6¢m]o]{]´
− wz a > f(α) 12 ¯m­L½ I-d}~o]m A ½ Y{#|odE­o-{@m~o[{8o]À|o-kmQ{@|o/­L½ dÃ|o~]o-­L´
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0 ≤M1 < M2 < · · · < MN = M+.
¹i¡Ez»
¬ E{#-o-Q{-¯mQÀ{~¶}#mo/}|}o]{,­o]{,d­®o]m{ ± Mi I i = 1, 2, · · · , N {~}t|o]{#b­®o]m{@m~Qmo]{,|on9­¶}®m­²®}~|¿mo|o
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]−∞,−a[ o} ]−a, a[ o} ]a,+∞[ ´!pt{{~mmIQ{~Y{nE}~o-YE}#Qo
M1 > 0
´ÍÎ­o[{6},°ºQ­®o/|o/Q,Qo=
 wzm [0,M1[ , F (λ) o[{6}/{*}~}~o-n%o]Q}/QzoÃ|oo-}-~Q{{E}~oQ´	"­­®o%d}~}~o]®}/{*QÂn%®mn9n o- λ =
λ0 ≡ 0.




λi ∈ ]Mi,Mi+1[ .p#Q{@­®­{*}~{,-o}*}o/mm®-}~/{~m,­¿¢Qmoz´`#Q{*[mo-} =
 wz F (0) ≤ 2 ¯ A |n%o-}mmo#dE­o-mmo,mE{ [0,M1[ o}8mmo#m{ ]−M1, 0] ´`wzm
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i = 1, · · · , N − 1 ´
 j
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∀ 0 ≤ i ≤ N − 1, M(y) = αiy + βi
mEY{




, αixl + βi = Ml, l = i, i+ 1
¹i¡  »
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mo=
∀ 0 ≤ i ≤ N − 1, αi+1 6= αi .
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Mi, i = 0, · · · , N
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F (λ) = 2
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Mi, 1 ≤ i ≤ N − 1
F (λ) ∼
( xi+1 − xi
Mi+1 −Mi



































1 ≤ i ≤




F (λ) = +∞, lim
λ→M−
i+1




[Mi,Mi+1], i = 1, · · · , N − 1
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mo­L½ [d}®Q
F (λ) = 2
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 sÀo}~}~oro]­mn%®l]~o­o]{@|-m­®}~]{,mo­L½ EmmbÃ|®nE}~zmn%-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 3,5  IJB  =@F
GI,B ;
 I  K  A CE= H  9 7 ;LA >;LH&7:AE=@B C =CE=@7:B
mEm~|kmo]­®otm~Qm­l-n%o¯dm}~­®²{*o]motn%}km||or|o IE­o- ¯zotmIQ{~{~o#mmoEmmbÃz¼
n%E}~2|o/­L½ o[{*Qo
V = L2([−1, 1]) E@mÀ{~{@o[{*Yo/|o/|n%o-{~¿mo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(uh, vh, λ) ∈ Vh ×Vh × C, (uh, vh) 6= (0, 0),
∫ 1
−1
M(y) uh(y) ũh(y) dy +
∫ 1
−1










uh(y) ṽh(y) dxdy +
∫ 1
−1





wzÂkmQ{~¶}#­²Q{*o {ψj} ~}~kmQmn%-o/mEY{ L2 o-}r{~








MhUh + Vh = λ Uh
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yj = jh, j = −N, · · · , N − 1,
Ü
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, j = −N, · · · ,−1.
¹Ud¡»
EYQo-­-Q{@­®o[{ {ψj ,±j = 1, · · · , N} °±n%o-},mÀ{*y|{*}~l-n%o~}~kmQ~n%mE{ L2 o}
Vh = span [ ψj , ± j = 1, · · · , N ].¬ E{,-o-{]¯|­o]{*}@°º­omo/,mo
Eh
o[{6}#­²Ond}~²o/|o/Em¢?6/|¿®o/
(Eh)i,j = h =
1
N











(Mh)i,j = M(yj+ 1
2





) h, ± i = 1, · · · , N, ± j = 1, · · · , N.
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 Å
µ 2{*o|Qmmom2o-}®o]
N ≥ 1 ¯mQIQ{~o h = 1/N o},2IQ{~o=









, ψ1n = cos(nπy) n > 0, ψ
2
































(Eh)0,0 = 1, (Eh)i,j = 0
{*

















































 wz M(y) o]{*},®n%®o¯ Mcch = 0 o} Mssh = 0 ´
 wz M(y) o]{*},E~oQ¯ Mcsh = 0 o} Msch = 0 ´
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Vh = span [ ψn, n = 0, · · · , N ].EYQo-­
]{@À
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(Eh)0,0 = 1, (Eh)i,j = 0
{*
(i, j) 6= (0, 0)
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λ = −0.5 + i δ
λ = 0.5 − i δ

















λ = −0.5 + i δ
λ = 0.5 − i δ



















λ = −0.5 + i δ
λ = 0.5 − i δ


















λ = −0.5 + i δ
λ = 0.5 − i δ
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λ ' ±0.5 ´




[ (−1)m+n − (m+ n)π
(m+ n)2
+
(−1)m−n − (m− n)π
(m− n)2
]
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λ0 − sin πy2
)2 = 2.
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[ (m+ n) (−1)m+n+1
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M(y) = 4 (1− (1 − y)0.4)
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M(y) =
√
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M(y) = 4 (1 − (1 − y)0.4), y ∈ [0, 1] ´
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M(y) = 0.5 tanh(2y)
´ Ì |®}~oQ¯mdE­o-m{@mmo]{@Im
M(y) = 0.7 tanh(2y)
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